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Location-routing-allocation problem with consolidated shipping of
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Abstract The paper studies on the two-echelon location-routing-allocation problem arising in post-disaster

rescue. In view of the limited supply of various types of relief supplies in the first time after a disaster,

a multi-objective two-echelon location-routing-allocation optimization model considering multi-depot and

heterogeneous materials is proposed. The arriving time, satisfaction degree of demand nodes and the

fairness of materials supplies are the optimization goals. The multi-objective optimization problem is

solved by three single-objective sub-iterative processes and a multi-objective iterative process based on the

method using the differential evolution strategy and the constrained optimization strategy. The vehicle

routes and distribution of materials are optimized at the same time. Experiments show that transport

different kinds of materials using the same vehicle can effectively reduce the number of vehicles used and

the driving time of vehicles.

Keywords emergency rescue; two-echelon location-routing-allocation problem; multi-objective optimiza-

tion; coevolutionary algorithm
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�!����0-.$&
+1/,.
+0��-�.//1
���0/0��"//, 2����0��$&3+,.0Æ111/#�
�//, �"//�4$1,.(2�%3Æ�40�
�)2. 25.-56, 4$ - (2+, (location-

routing problem, LRP) %-)	1�%34$+, (facility location problem) $,.(2+, (vehicle

routing problem, VRP), “%34$” 4�2*43% “,.(2%3” 4�4*43, ���"''�

&��+3,7&($��04#5��8'67658 [1]. LRP �.-#99$&6��:7 [2], :)
45';�78Æ��%3�''�
�8'-0. 990*9 LRP(multi-echelon location routing

problem)"	1 LRP�;<, *9 LRP <%6=:7Æ�)�=;>//8:, %"+9$&�.(
: N +1 �Æ%3� N 9Æ;.(9�	1/, Æ#9<=6= [3]. Nagy' [4] � 2007��)<2
>�?=<) 3 .!�*9 LRP �.-, 0 10 �5*9 LRP �.-?*:)/�" LRP **>��'
+!��., !*�.-!,99� LRP (two-echelon location routing problem, LRP-2E)[3]. :$�.-
*%�?-�6;0@, !@1!,*"�2"�3A. Rath ' [5] .-)<=$�->B ��
�

LRP, ��C>-9<'#<=�"//?;
+,.�	 1/, �?C>-�"//<��//?;
3+,.1/, ��4<��C>�1/&��:@D5,.�	A(@, ?!,-	.�.1
	.�"
A����, !?D5)A�B"���3A. B67' [6] .-)*.�
$'B'C>�4$ - (

2+,, %''Æ��@A��'1�6;0@, .-',80�'9/$''�1/(2%���
�/�''����. C:E' [7] +''43&�B+�,.4$43�,.(24D$��*43, .

-)*C�/�*��/�*��*,+�4$ - (2+,. BCF' [8] %;G,.1/��'3;$�
�/�?'3;�0@, HI*,+�90@JDC4$ - (2+,E-%��B
+, D;F�70�<
E�FED��K. BG=' [9] .-)1�-3A ��
,.(24D$''�+�
+, +''

�
;.+��H#Æ>�
+E>A��'9*$�
/FL, 6;,.(2��+�$1�1, %

3+9�KD��	�K. Lin ' [10] +Æ;.B+��.�'9�=�
=G�3=GF.9L, 6;1

/;.��9,.��.�'9�=$
=G��(@, %1�?9�,.�'9�=$3=G��1
/(@, HI)%H0�?$(>�?'3�6;0@�E-%��B
+. Zhou ' [11] .-) “'"�I
M” �*��*;>//994$ - (2+,, D5)*$*.�L;>//�3A, �@D5;>//=
<,��, ?.-)$G;>//=<��*$(HF �3A. Boccia ' [12] .-)*2"� LRP,

HIF� “ÆNO (flow intercepting)”�4$ -(2
+, D;+0 -?3� (branch-and-cut algorithm)�

	�K. JP@' [13] .-)*9L�%34$ - (2�B+,, %4$A;�,.�*H0A;$1/A
;$'3�6;0@, D;�2�;D��FED�IG�'��K#5+,�	�K.

#$� LRP-2E .-�!'����>B B"�2"�+,, *%�?-�6;0@, %�"''�


>B � LRP-2E *$��$' ����� �2",� ''/, 7!.-@1. ?2.-���

��"���->B �*"��83A, +''�
��*;.B+�79, 49/�.//$�
"//K�,  9/�"//$��//K�, % “�
1� ”�“)-�J8” $ “I; ” -�6;0@,

D;,��-,1/�3A�L,.1:=M1/)B, =C,��-,1/�994$ - (2 - �

=+, (two-echelon location-routing-allocation problem, LRAP-2E)
+, :.-F��
0@!� �'
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'�
�*;.6;�KD�. ?2��!GK$N5�, =C����>B D5,��-,1/�*
0@ LRAP-2E 
+, :34�+,=C��F�0@O�+K��;*0@6;D�.

2 :;5<=>?
�"�
���*&��IJ?;
+,.+	�$G�+��1#��-.��"//,/��

��(��, �����?;1�@3�PQCQ�3+,.�	1/, -	�"//1/	��
�#
��//. <%��C>�.// - �"//�1/&�, 	�"//?$)1/D�+��,.R+�
	, �?C>�"// - ��//�1/&�, D5$G�+��-,1/, !	��//?$)1/
��,.R+�	. �� Boccia ' [14] $ Laporte' [15]  LRP-2E+��HK#�, ?2.-+,(%H
K� 3/T/T , R+1/;.+�E��+�//, A�7.C>�,.(2+,, !7.C>GD5,.�
*L	A(2, ?D5�"//�4$+,.

@ 1 ABCDE6
+''�
��*Æ;.B+�'M 1 0K�E�+, ���+�+S� ,�2"��., �?

�+�+S(<?;��"//, �E�+�+S��//. �
�-�.//C�, 	&�"//, '7
<=��/. /�?2.-80 �4$ - (2 - �=+,, <%JN1/�F�.//����O1
$	//(=<���'LP:	=0. �
��"IJ-���0/0�''#Æ;>��.�MA'
*/I<8Æ�
�, ?2+4N//�J��.//. �"$&
+1/,.+	��-ST���
0@8��.//1
���0-.��"//, '"+	��-�"//-,1
��//. ?2<%
	�.//?<'B�"���, !�.//#�"//�1/&�$D5��-,1/, 4�D5F
�% "#. �"//#��//1/&��	����7�,.G�@3, #%-,1/$TK+�
L,.�1, :�	 ��D.��//�*����, -%=M1/)B; %�.//#�"//�
1/&�91/�
, 

�!?;
+,.1/, #Æ�Q�9
H�1/�D;-,1/#CL5
�)B=1"6+$-�,:!�L5U-�8�?,G�?
+,��K�8.?2=C�994$ -(

2 -�=6;
+A�&.$MK4�+,: 1)',4D-Q��"//; 2)',+�	��//�R�
���; 3) ',%3-�.//#�"//%1-�"//#��//�,.(2. SÆ4, 4<+,(%

T�79�,.(2+,, A�7.C>�43+,, ��C>80J%IN�"//%1-	.�.$&
,�(@1
	.�"//*1�,�?C>80-	.�"//$&,�(@1
	.��//*1
�. $ VRP 7N�U�O���"//�LP$�Æ , R��SJ9�IN�"//)4D, %1	.

)4���"//�"�	�+���.

/�$G��-,1/$TK+�L,.�1/$, ?+1/GO���0��,.��P1,

0GO���,.$T1/P*��
�, #%?2D5,��-,1/�3A. $	�P , %M 2

0K�B�.//�*2" VRP �V, <%�.//�<=��-, ,.G�� 100, ��//7���
����
)V�=C, N-,1/$+,1/�6,.
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@ 2 :;FG<=;FG>?
+,1/�, @M�Æ@�1/�����,.(2, +QJC 2 .P9�� 50 $ 90 �,., K�

1 V,.�(@� O-A-O, M�� 5, 2 V,.�(@� O-E-D-C-B-O, M�� 8.5; @M�Q@�1/�?
���,.(2, +QJC 2 .P9�� 100 $ 20 �,., 3 V,.�(@� O-A-B-C-D-O, M�� 9,

4 V,.�(@� O-E-O, M�� 4. )4, -,1/�,.�� 4, /	AM�� 26.5, P9B (P9B =

/19�/(,.G� × ,.��)) � 65%. -,1/�, +QJC 3 .,, K� 1 V,.AP����
50,�?�� 30,(@� O-A-O,M�� 5; 2 V,.AP���� 50,�?�� 50,(@� O-B-C-O,

M�� 8; 3 V,.AP���� 40, �?�� 40, (@� O-E-D-O, M�� 5.5. )4, -,1/�,
.�� 3, /	AM�� 18.5, P9B� 87%. #%, -,1/7N+,1/, �G'>B (%�10�,
.��$,.	AM�, :K+�L,.1. ,��+,1/�+,(%T�+S.G��+,�R
Q, !	2+,�$A�WW!�. +D5,��-,1/, RA�,.G�$-�>B ',+�$G
��AP��+,. )4, ?2=CD;,��-,1/3A� LRAP-2E 6;
+.

?2
+$D��:$.-��Q�!$% &.#	: D5$*��+�-,1/�3A: ���

��"���0����

(:*��+, V'�
%Æ��#�)&�S�&"�*"�MT',

/�A�LX6,�,��-,1/P$K+�L�
,.�1/$, ?2D5�"// -��//�
1/&��$G"���	/G�,.1/�3A. D5<=$�-�3A: /���
������
��/�<=$$-, �����������, 7N���>B 4$ - (2+,D5��X�?, P

�!D5',,)��	��*/���!SLDNML)$I;M, R?2D5��
1� �)-�
J8B$I; E.6;0@. F�0@O�+K�IG�;*0@6;D�: T
+�6;0@��@*
�, E��*0@6;#��	NYU8@M070�K��M�VN@
��D�)B@U�+,, ?+
D���$)*+< Pareto FW, %, ?2D;F�0@+K�IG�;D�=C�*0@994$ -

(2 - �=+,�	�K.

3 HIJK=BL
?27!ZVO<' , O�S�D�P +QHK�.//��"//���//$��+�'-,

Tij , ∀i, j ∈ O ∪ S ∪ D HK- i //< j //0���; U $ V HK-�.//#�"//�,.'-
%1-�"//#��//�,.'-, 7�$G�+�,.G�+Q� Cu $ Cv; /�$D5��G�
9//����", R-�.// i 1<�.// j 0-�"// i 1<�"// j, #%%1//$('
- A1 = {(i, j)|i ∈ O, j ∈ S ∪ i, j ∈ S ∪ i ∈ S, j ∈ O} $ A2 = {(i, j)|i ∈ S, j ∈ D ∪ i, j ∈ D ∪ i ∈ D, j ∈ S};
(2>� xu

ij(p) ∈ {0, 1}, ∀(i, j) ∈ A1, u ∈ U, p ∈ P $ xv
ij(p) ∈ {0, 1}, ∀(i, j) ∈ A2, v ∈ V, p ∈ P HK1

/ p �� u 0 v ,."[�$( (i, j) 4	&, Æ�>� fu
ij(p) ∈ R+, ∀(i, j) ∈ A1, u ∈ U, p ∈ P $

fv
ij(p) ∈ R+, ∀(i, j) ∈ A2, v ∈ V, p ∈ P HK u 0 v ,.1/� p ��$( (i, j) 4�Æ�, 4$>� zj ∈
{0, 1}, ∀j ∈ S HK// j "[)4-�"//, zj = 1 T!?T

∑
u∈U

∑
(i,j)∈A1

∑
p∈P xu

ij(p) ≥ 1, ∀j ∈ S;

Mo(p) HK�.// o ∈ O $T<'�� p ∈ P �'
��, Mj(p) HK��// j ∈ D � p ∈ P
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���.

0@O� F1 0X�,.-�.//+91
�"//�,.+9-�"//1
��//0\
A�0$��, 4.0@O��
+�K�'Y�0$,.(2�/28; +P.��//��J80X�∑

p∈P mj(p)/Mj(p), ∀j ∈ D, K� mj(p)=
∑

v∈V (
∑

i∈S∪Dfv
ij(p)−∑

h∈S∪Dfv
jh(p)) HK��// j �R� p

���, R0$��//�)-�J8�	��//��J8$, �"T��//��0���$G
�4<C@�$G�+,4�](N , #%, +0$��//�)-�J8 F2 0X� (2) C; I; 0@
O� F3 0X�	��//�J8�#6. 
+��9U�!$,.��$G�9U��.//<=$9
U. %1QQ>� m∗

i (p) HK�"// i �"� p ���, R�.//#�"//��"//#��//
�H
&��V.

min F1 =
∑
u∈U

∑
(i,j)∈A1

∑
p∈P

Tijx
u
ij(p) +

∑
v∈V

∑
(i,j)∈A2

∑
p∈P

Tijx
v
ij(p) (1)

max F2 =

⎛
⎝∑

j∈D

∑
p∈P

mj(p)
Mj (p)

⎞
⎠ / (|D| · |P |) (2)

min F3 =
∑
j∈D

⎛
⎝∑

p∈P

mj(p)
Mj (p)

−
⎛
⎝∑

j∈D

∑
p∈P

mj(p)
Mj (p)

⎞
⎠ /|D|

⎞
⎠

2

/|D| (3)

s.t. fu
oj (p) ≤ Cu, ∀o ∈ O, p ∈ P, u ∈ U, j ∈ S, (4)∑

u∈U

∑
j∈S

fu
oj (p) ≤ Mo (p) , ∀o ∈ O, p ∈ P, (5)

∑
u∈U

∑
j∈S

∑
o∈O

∑
p∈P

xu
oj (p) ≤ |U |, (6)

∑
u∈U

∑
h∈S∪{o}

xu
ih (p) =

∑
u∈U

∑
h∈S∪{o}

xu
hi (p) ≤ 1, ∀i ∈ S, o ∈ O, p ∈ P, (7)

∑
u∈U

∑
h∈S∪{o}

fu
hi (p)−

∑
u∈U

∑
h∈S∪{o}

fu
ih (p) = m∗

i (p), ∀i ∈ S, o ∈ O, p ∈ P, (8)

m∗
j (p)xu

ij (p) ≤ fu
ij (p) ≤ (Cu − m∗

i (p))xu
ij (p) , ∀ (i, j) ∈ A1, p ∈ P, (9)∑

p∈P

fv
ij (p) ≤ Cv, ∀i ∈ S, j ∈ D, v ∈ V, (10)

∑
v∈V

∑
j∈D

fv
ij (p) = m∗

i (p) , ∀i ∈ S, p ∈ P, (11)

∑
i∈S

∑
j∈D

∑
v∈V

∑
p∈P

xv
ij (p) ≤ |V |, (12)

∑
p∈P

∑
v∈V

∑
h∈S∪D

xv
ih (p) =

∑
p∈P

∑
v∈V

∑
h∈S∪D

xv
hi (p) = 1, ∀i ∈ D, (13)

∑
v∈V

∑
h∈S∪D

fv
hi (p)−

∑
u∈U

∑
h∈S∪D

fv
ih (p) ≤Mi(p), ∀i ∈ D, p ∈ P, (14)

∑
p∈P

fv
ij (p) ≤

⎛
⎝Cv −

∑
p∈P

Mi(p)

⎞
⎠ xv

ij (p) , ∀ (i, j) ∈ A2, p ∈ P, v ∈ V, (15)

fv
ij (p) ≥ Mj(p)xv

ij (p) , ∀ (i, j) ∈ A2, p ∈ P, v ∈ V, (16)∑
p∈P

xv
ij (p) ∈ {0, |P |}, ∀ (i, j) ∈ A2, v ∈ V, (17)

xu
ij (p) , xv

ij (p) ∈ {0, 1} , ∀ (i, j) ∈ A1 ∪ A2, u ∈ U, v ∈ V, p ∈ P, (18)



2350 � �  � � � � � # � 39�

fu
ij (p) , fv

ij (p) ∈ R+, ∀ (i, j) ∈ A1 ∪ A2, u ∈ U, v ∈ V, p ∈ P, (19)

zj ∈ {0, 1} , ∀j ∈ S. (20)

(1) CHK,.+0��-�.//1
�"//%1-�"//1
��//0����$; (2)

CHK0$��//�)-�J8; (3) CHK;#6^��	��//��)���8�6,, K�∑
p∈P (mj(p)/Mj(p)) �	��//��J8, (3) C�	��//�J8�#6; (4)�(5)�(6) C+Q�

B.,.�G�9U��.//<=�9U�,./�9U, (7) CHK�"//)1*D�+��0$
,.#*R+�	, (8)C%1QQ>� m∗

i (p) HK1
 i//� p���, (9)C�:X�, T xu
ij(p) = 1

� m∗
j (p) ≤ fu

ij(p) ≤ Cu − m∗
i (p) �I, C� m∗

i (p) $ m∗
j (p) +Q�// i $// j � p ��"�, #

%$'C�:X�T,.TJ i //F
 j //�, ,4� p �+�� fu
ij(p) 
� j //� p �+

���� m∗
j (p), !� i //Y9F,4���� m∗

i (p) + fu
ij(p) $V&,.G� Cu; T xu

ij(p) = 0 �

fu
ij(p) = 0, H@T1/ p �� u ,.$-(2 ij 	&�, (2 ij 4$ ��Æ�, (8)�(9) 7C�G

0X)��1/&�; (10)∼(17) C�Æ;.�?9�9U, �Æ;.��9�9U (4)∼(9) ', K

� (13) CHKP.��//?),.R+�	, (14) CHK	��//�	�+��G)�+��. � (9)

C�V, (15) CHKT,.<= i //�, ,4	��/�$V&,.G�; (16) CHKT,.TJ i /

/F
 j //�, ,4	���
�'� j //��. (17) CHKP.��//�	����)G�,
.8:. (18)�(19)�(20) HK(2>�$4$>�� 0-1 >�, Æ�>��Æ�>�.

''�
�� LRAP-2E IJ�!D5�:7J%�
%3��?0,.	A�?'	
C@, %"

“�
1� ” 4�)BC@ (F1). �
1� �!�,.�	A��ZB, ()+�-�.1
�"%
3���%1-�"%31
7������7�+,+4D��"//ST�.@0%ST��//@8
R���+��\A@3�?�+��\A@
, _R���+��\A@
�?�+��\A@3, #

%�!4D-Q��"//?+/��\A@3. %-, /��
��������0$'��
��


6+$-, �%R4��0$���0�0$��, %�W�!D5	���	.��/��=#5,

�'
($��	��/���, R6;
+��?.0@O� —— “)-�J8” (F2). +?D54<

� F1 $ F2, 6;Z2�SÆ�6J��ST�"//0�����3���//, %`TST�"//8
�����
���//. �
�-��������4<>B C#)+�$I;�#[, #%�!D
5�E.C@ —— “I; ” (F3), ?+	.//��)���8�6,�($3. +��XD���$<
=��NV!�+�	��, W�(%Æ#[�I;, �"�J8C@��G�=<'6, #�GO�

��D��<==���3�// “)-�J8” �N5N<==���@
�//�
. %��+
�#C\Y��,.(2 �ZB, �%ZB0@O� F1 �!. 4< LRAP-2E 
+"":$�'
LRP�LRP-2E ' NP-hard +,�X4, #%(" NP-hard +,.

4 MNOE

4.1 PFQRSG
?2
+�9U*0@6;, 	.0@O�A�&%��G�=<'6, A�T^	.0@O�!�+

,. �K*0@6;+,�#��!(%+�@ QT��0@�B��ε- 9U�'#� [16], �%4#�A
��!J]9Y03DYU'+,. �;*0@6; (multi-objective evolutionary algorithms, MOEA) G

��HK�	Z-, "�K*0@6;+,�$)D�, �T0@O���@*�, E��F� Pareto <

E��;*0@6;D��	N70�K�0$K�0VNU&M?+D�)BU �+, [17]. ?2D;
F�0@O�+K�IG�;D� (cooperative CMOEA based on objective functions decomposition), �

�0@O���%1�M��, 	.�M?6;�.0@O�, SL)	.0@O���&%. �", A�
'7�KSÆ�V+	.0@O��a�!%WT Pareto FW�+,. #%, %1U-��M, D;�0�
LP�^3A\I	�M��;#Æ, :$&N@	�M[F+<�'6K+<'7� Pareto 70�K',

R*0@6;��'6K'.
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?2
+b"�.9U6;+,, �9U6;, A�T^(	K$$(	K�X2F�M($ �+
,. [18] H@$&\ID�$(	0�Z[$?YD�� $, #%?2�Z[]�()(	0$$(	
0. 
+A��9U�!()<=�9U�,.G�9U$,.��9U', Æ]�#+_`	�+�$(
	K�	W\�>,$4DZ-����M�$(	KV*��3A, #%��;D��]Z&��8^	
.KG$\_,.G�9U. $��<=�9U$,.��9U�$(	.L�4D_J� 4.2.3 a]^

6.

?2D��_`'M 3. 3?2
+*$*.0@O��'/, D;0@+K�#�%I 3 .B0
@�M, P.�M6;B�0@O�:�70�KA`�	LPWW; 3?2
+a$T9>�\$b
b>��'/, D;FED���F#]ZHK,.(2ZK� 0-1 >��	]Z, D;6+�;3A
HK��=��bb>��	6;; 3?2
+*$*.9U�'/, D;F�^c3A�9U0�
(constraint-dominate)[25] !�4D0@O�@6�(	K�XK�M.

Archive

@ 3 TKÆL
?2D�� 3 .B0@�M/C@6K�	 Pareto <E, P	[F+<�70�K)AX70�KA

`, :�"B0@�M/C�@6K�	 Pareto <E. � Pareto V6�c[ ��SJ%00@O�T
+, :'7+<'6K'. #%, ?2D�SL)#Æ43dd��!&J8043&WeLP��,. %
-, 343&$G0@O�A�We�3A, T+<'6K'"(cXWeLP%%C0@O�+!�
8�6,, :�%70�K�	��_64.

4.2 PFUVWM
4.2.1 NXOPYZ[

@ 4 \]^Q_
?2]Z#C� [11]\�, ; 3 >]^L+QHK//�+�!���.// - �"//,.(2$�

"// - ��//,.(2, K�+,��.K. �K�!6,��, /�?2
+G�6;1/(@ZK
$1/����, $?A� 0-1>�!A�Æ�>�, ]Z#C�!RC7'�%, "b�W\�>,Z
-�O�$G. 'M0K�]^L��9���//]V, �?9��"//]V, �E91K"�	
/�"//1
D��//�D�+���. M 4 �2#d���>]^LHK, 	/ 5 V�"//1

10 V��// A �+� 3.1 BOG�, B �+� 5.7 BOG�, C �+� 12 BOG�.

,.(2��'M 4 0K�+�!��a��, !^S��,.G�9U. �.// - �"//,.(
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2$�"// -��//,.(2���#C�f=_e�, �.//XD]^L�?9�"//C#�J
"`EÆ�"//1/9, P.�"//?)� D "��.//R+�	; �"//XD+�=�e
���//C#�J"`EK�-�"//Æ��//1*��,.(2,4<&�G^S19���,
.G���9U. %�"// 6 �Va@�"// - ��//�(2��#C: IJ, ]S 14 $ 16 �	
�/���"[VC,.�/G�-I, +VCR��(@ 6-14-6, +@VCR��_]S 14�16�11 �
	�/���"[VC,.�G�-I, +VCR��(@ 6-14-16-6,+@VCR��(@ 6-14-16-11-6.

��]^L��?	�"//C#�J"`E80�"//EU [4, 6, 5, 3], D;$�"// - ��//(
2��#C�V�#���-	.�.//<=�"//�,.(2,	�"//������K08:
���//�����80. M 4 fb���+�!���,.(2�&�, K��.// 1JC) 2 .

,�	1/, Kb�.//$�"//GJC 1 .,�	1/. �"// 2 $ 7 ��M 4 �]^L]Z@
)4�?;��"//. �#Æ+,�($A�DN�Yg?;T,1/, 4<]Z#CGO();�A
�YgT,1/��3A, U�,.(2��D��	hg, ?+P.,G1/$V&KG��B"�
�, !	��//)1/P���,.GR+ 1 	R(.

cN�M��#C�, IJ��//c1<E��]^L���	, �"	.��//c1+��
"//��]^L��?	, '"i x ∼ N (Mo(pi)/|D|, Mo(pi)/(3 · |D|)) c1��1
	.��//�	
�+���K�]^L�Kb�+, 2/4<+�!���,.(2. ��//$�"//�+�!��
�.// - �"//,.(2��"// - ��//,.(2�GK��..L. +Y4<_J μ 	��c
N�M.

4.2.2 VWOX`
W\&�'�($*^_.L�:$�
C, ?+@6�
C��;&��$T+%^_. ?2D;�

W\#C�*/W\. IJ-�..L4c14D�>]^L`>, /�]^L��	���//]V�P
�..L�GC#!?C#�	,#%(+KT�]^L`>�[c. %M 5�V, ��W\�/O� 11, 8,

16, 12, 7..L�'`>Wh�� 2 .K�.L.

@ 5 YZ[.
>,&��U�O��,fB�B/0*/>,#�W�$T?+�"//$��//�+�!��

�>;,SLKjX8�'6,�"/�Æ�>�R]^L�'"&	�A�,>,&�'i^SÆ�>��
Z[&��($()(	0�0$Æ.. #%, 4M]^L�F7	$'"&	D;$G�>,Z-. �

�//$�"//�+�!�, R]^LF7	�>,#C�]^L��?	�	aE<U. ��//
�R���, R]^L�"&	�>,cX6+�;3A [19]:

V m
i,G = Xm

i,G + f1 ·
(
Xm

best,G − Xm
i,G

)
+ f2 ·

(
Xm

i1,G − Xm
i2,G

)
+ f3 ·

(
Ar,G − Xm

i,G

)
. (21)

C (21) � Xm
i,G �"N�>�Æ� (Æ�!�/�����$��//��80, 'M 5 '� Xm

i,G !

�� 3× 9), Xm
best,G � Fm 0@O�2�M��'6K, Xm

i1,G $ Xm
i2,G �-�M�c14D�7..L, fi

�>,#2, Ar,G �-70�KA`�c14D�K, b<)/�M�;#Æ�-;. C (21) �, Xm
i,G ^

A).L�d�Z[LP, $\�^SD��Rg ; (Xm
best,G −Xm

i,G) ?YD��0@ Fm #Æ4�Z[$
; (Xm

i1,G − Xm
i2,G) QXc1ca!"�M�*O ; (Ar,G − Xm

i,G) cX)Kb�M�Z[LP, ?YD�

� Pareto '6K'#Æ4�Z[$, "C (21) �	1�B0@6;6+�;D��!h�Q. >,&�
J]	��//�R����>,, 2]	�"//$��//+�!��>,.
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4.2.3 ^Ra_Ob`ca
P.B0@6;2�M, ?2dD	1�6+�;2F��3A, �K$GO��/��Z[&�

D5)$(	K, #%.L�4D$$?D50@O�!�
3, b!D59U\_�8�
3. dD	
1�6+�;D� [20] �2F��&�, ?2-�M�0$� μ ..L�c14D λ/2 .L]	% Z
-:

ui,j,G =

{
vi,j,G, if rand(0, 1) < mttprob,

xi,j,G, otherwise.
(22)

C (22) � xi,j,G ��"N�>�Æ�, vi,j,G ��� “4.2.2 W\$>,” �>,D����>�Æ�,

mttprob �>,B, ui,j,G J�Æ]Æ�. Æ]Æ��� 4.2.2 ]	W\Z-��7.K�.L, $&N@
K���.L$"N.L�0@O�!%19U�\_�880�X2F�M�.L. �^ScD��
[F, �M�(	KNV$j=M, kD;'C (23) 0K�^c4D3A, 6J4D0@O�!@6�(	
K�X2F.

XG+1 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ui,G, if

⎧⎪⎨
⎪⎩

φ (Xi,G) > 0 and φ (Ui,G) = 0,

φ (Xi,G) = 0 and φ (Ui,G) = 0, F (Ui,G) � F (Xi,G) ,

φ (Xi,G) > 0 and φ (Ui,G) > 0, φ (Ui,G) < φ (Xi,G) ,

Xi,G, if

⎧⎪⎨
⎪⎩

φ (Ui,G) > 0 and φ (Xi,G) = 0,

φ (Ui,G) = 0 and φ (Xi,G) = 0, F (Xi,G) � F (Ui,G) ,

φ (Ui,G) > 0 and φ (Xi,G) > 0, φ (Xi,G) < φ (Ui,G) .

(23)

C (23) � XG+1 ��XK�M�.L, Ui,G �W\Z-"���.L, Xi,G �"N.L, F (Xi,G) �"N.

L�0@O�!, φ(Xi,G) �"N.L9U�\_�8 (F (Ui,G) $ φ(Ui,G) :X�'). (23) C�:
X�, % 3 �3A�4DK���2F.L�XK�M: 1) "N.L�$(	K, 2F.L�(	K; 2)

"N.L$2F.LG�(	K, �2F.L0@O�!@6; 3) "N.L$2F.LG�$(	K, �2
F.L9U�\_�8@3. 4D"N.L�XK�M�3A��V. φ(Xi,G) ∈ [0, 1] (φ(Ui,G) ∈ [0, 1])

�0X�:

φ (Xi,G) = (ϕ1 (Xi,G) + ϕ2 (Xi,G) + ϕ3 (Xi,G))/3. (24)

C (24) � ϕ1(Xi,G) �@8;"� Xi,G �.///<=�9U�\_!, ϕ2(Xi,G) �6+D�[F&�
�($��� Xi,G <'��l���+@8;"�!, ϕ3(Xi,G) �@8;"� Xi,G ,.��9U�\
_!. @8;#�� ϕi(Xi,G) = (ϕi(Xi,G) − ϕi min(pop))/(ϕi max(pop) − ϕi min(pop)).

4.2.4 bdcedfe
P.B0@6;2�MXD 4.2.2 �W\>,D�$ 4.2.3 �.LdY$2F��3A:	*]	B

0@6;D�, P	[F;	.B0@6;2�M'6�F k .(	.L popm.bestk
PK*0@6;�M,

*0@6;�M�	 Pareto <E+< Pareto '6K'. a]&�%D� 1.

5 ghfOEBL

5.1 ijklOgkch
Breunig ' [21] :$�99,.(2+,�!e���	)R'$%� [22], +:$.-0?;�F

8!e��+� 5 .��'� 200 k.!e;V, �"//��� 2∼10, ��//��� 20∼200. �#$
��G��Æ�;�?2=C�
+$D�, #�: 1) �#$�
�+99,.(2+,.-7', 4<

����.//���G� 1, %?2
+.-$*.�.//��3A; 2) 4<�����//����
B"�2"���, %?2.-,�2"�� �+,, R2"�"���� 2 0 2 %4; 3) 4<����

.//�<'$LP, <%�.//(%��0$��/���, %?2.-<'$�- �+,, �

!@8	�.//�<'$4-. ?2F� Set4[23] (|O| = 1, |S| = [2, 3, 5], |D| = 50), ?Q�.//��
(e |O| = [2, 3]), c1- 50 .��//�4D�+// (e |D| = [30, 50]), :XD x ∼ U(0.5 · li, 0.5 · ui) 1

y ∼ U(0.3 · li, 0.3 · ui) (K� li $ ui �"N���Z/���� i$4i) c1��	��//Kb7�
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�����, 	<=//�<=$XDK0'�/���� 80% =C, �� 4 � ([|O|, |S|, |D|] =

[2, 3, 30], [2, 3, 50], [3, 5, 30], [3, 5, 50]) � 72 .� “<'$�-�*�.//*2"994$ - (2 - �=

+,” !e�� [24].

?2D��d�(%+� 2 �: 1) �MG� (μ)�2F�� (λ)�'62F�� (k)�70�K'G
� (|Archive|) $>,B (mttprob) 'FED��F?d�; 2) 6+�;D��C�bb>��;#Æ�d
� fi. ��MG�'FED��F?d�, W�@
��MG�

$T^SK�)2@e, �!m�
M��
�.L, %1.L�W\>,Z-� �
��3DJl, #%�!T^K���$D�)B8
0���d�V!. fi d�@0+,(%T��.80d��,!�0@O�'6�6;+,. #%?2
-�.//�� 3, �"//�� 5 �!e;V�c14V 5 ., ee f1 = {0.3, 0.4, 0.5, 0.6, 0.7}, f2 =

{0.3, 0.4, 0.5, 0.6, 0.7}, f3 = {0.3, 0.4, 0.5, 0.6, 0.7} �0$�H-, 80d��,!�!e;VV+'�e�
K. $Gd� +<� Pareto '6K'6f�N@#C�, ?K'0�KbK'K���, i!m
me.

	d�'7V!� μ, λ, k, |Archive|, mttprob={500, 300, 300, 400, 0.3}, f1, f2, f3 ={0.4, 0.5, 0.5}.

1 - -

input: μ, λ, k, |Archive|,mttprob, fi

output: Archive

1: /* framework */

2: function Framework(μ)

3: Archive = ∅; bestks
= ∅

4: for each single objective population m = 1→ 3 do

5: popm = ∅

6: for i = 1→ μ do

7: indrand ← individual generated according to 4.2.1

8: popm ← popm ∪ {indrand}
9: end for

10: popm.bestk , offspringm ← SOE(popm, popm)

11: bestks
← bestks

∪ {popm.bestk}
12: end for

13: Archive← MOE(Archive, bestks
)

14: while stop criterion is not met do

15: for each single objective population m = 1→ 3 do

16: popm.bestk , offspringm ← SOE(popm, Archive)

17: bestks
← bestks

∪ {popm.bestk}
18: end for

19: Archive← MOE(Archive, bestks
)

20: end while

21: return Archive

22: end function

23:

2 (SOE)

input: popm, |Archive|
output: popm.bestk , popm
1: /* single objective evolution function */
2: function SOE(popm, |Archive|)
3: P ← randomly chose λ/2 pairs of individuals from popm
4: for each ind ∈ P do
5: popm ← popm\{ind}
6: end for
7: for each pair of individuals (ind1, ind2) ∈ P do
8: if random() <mttprob then
9: ind1, ind2 ← ind1, ind2 mutation according to 4.2.2

10: end if
11: ind1son, ind2son ← ind1, ind2 crossover according to 4.2.2
12: ind1new ← chose one of ind1son and ind1 according to Eqs(23)
13: ind2new ← chose one of ind2son and ind2 according to Eqs(23)
14: popm ← popm ∪ {ind1new, ind2new}
15: end for
16: popm.bestk ← the beast k feasible solutions in popm
17: return popm.bestk , popm
18: end function

3 Pareto (MOE)

input: |Archive|, bestks

output: Archive
1: /* multi objective evolution function */
2: function MOE(|Archive|, bestks)
3: Archive = ∅;P = Archive ∪ bestks

4: for each individual ind = P1 → P|P | do
5: if ind is not dominated by any other individual ∈ P then
6: Archive← Archive ∪ {ind}
7: end if
8: end for
9: return Archive

10: end function

5.2 Pmin
?�+% 5 ·12Ffjf'
*.�V, +(?2D��1	)2. ��//�M 6�0UC� 15.�

�n+�78,�"//���C0� 5.O�M)I(0��/0!SJ����"A (K�// D�)

]SD��4$)2, /� D a8T��\8T�.//, #%'6K'� D @)4-�"//), �./
/��g819Æ1h. �
��"-��$&f(1/0n]1/+�#$&"'�1
�g8$9
Æ1h. �#$&�g8	�"//1
��78, &"$&9Æ1h	�"//1
��78. �*.�
�"�����0'��?$����0$��� 80%. 	��//��"//��.//�	g8�
���$<=�%H 1. H�	��//������#$&"�/� p1 +p2,e p1 : p2 = [5 : 5], [6 : 4], [7 :

3], [8 : 2], [9 : 1], %3 5 .$G�Æ], %
Q0��$G�
�LX0��6,oh�3A, -%]S
“$G�LX0��6,@
�-,1/$T�10�,.��$,.	AM�:K+�L,.�1”

�<%.
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@ 6 ok:l<=;FG p1 : p2 = [5 : 5] m 1 npqr

o 1 okst<Auvwx
|O| , |S| , |D| = 2, 5, 15 |U | = 4 Cu = 6000 |V | = 10 Cv = 2000

yp ji kj ij pg (o�) yp ji kj ij pg (o�)

0 kl 104.073370 30.696811 80%
∑

Mj (p1) 11 hjq 104.555583 32.409675 882

1 kiq 103.923651 30.574474 80%
∑

Mj (p2) 12 jql 104.220750 31.338077 164

2 A 104.795866 30.987896 \ 13 mrl 104.167501 31.126780 361

3 B 105.153533 31.080407 \ 14 l�rl 103.646912 30.988434 220

4 C 105.820597 30.931548 \ 15 ks 103.958014 30.990108 607

5 D 105.894298 30.008766 \ 16 lmq 105.238842 32.575484 879

6 E 103.553531 30.578562 \ 17 �q 103.166852 31.436473 560

7 tmq 103.590386 31.476822 237 18 �sl 104.745823 31.778022 583

8 mq 103.853522 31.681154 682 19 ptl 105.843357 32.435435 767

9 nmq 104.467970 31.617202 967 20 j�l 104.679004 31.467460 488

10 oq 104.567187 31.534886 921 21 p�l 104.397894 31.126855 907

F 1

F1

p1: p2

(a) F1 u�q

F2

p1: p2

F 2

(b) F2 u�q

F 3

F3

p1: p2

(c) F3 u�q

S

S

p1: p2

(d) �vjinn�q
p1: p2

U

U

(e)  rji - �vji�onn�q
p1: p2

V

V

(f) �vji - pgji�onn�q

@ 7 =;FG<:;FG>?
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sN$G� p1 : p2 -, ?2bN)	��-,1/$+,1/�6,. +,1/�Æ]<%P
.��//�$G���?$)o��"//��. D�Æ#?��-�"//<��//�(2�
�D�RC%, D�Kb�+1d��-,1/�^"��. -,1/$+,1/��0@O�!1?;
��"//�	�,.��'M 7.

M 7(a)∼(c)���� 4 /�*0@6;D�+<� Pareto'6K�+�3A. M�qw@�7��
�LXN (5 .Æ];V�P.��//7����/��H 1 �=C), 	qw@'�.Æ];V, E

.M'E.0@O�. u@MO<D.!e;V� Pareto '6K'�D.0@O�!�+�3A, r^

$t^�Md+QHK-,1/$+,1/��3A. ��
1� 4�0@O�4-,1/3Apx6
�+,1/; �)-�J84�0@O�4, T7����6,$
�+,1/A6�-,1/, T7�
��6,@
 (p1 : p2 = [8 : 2], [9 : 1]) �7�3A6Q@3; �I; 4�0@O�4, s p1 : p2 = [7 : 3]

-, -,1/G6�+,1/.

M 7(d)∼(f) � Pareto'6K'�P.(	KÆl?;��"//��$7�,.��. -,1/��
"//�?;���	�>B GM�+,1/,4��0�84Kq)-,1/��
1� C@4�6
,H#; 	'6K��.// - �"//,.��G� 2, R- 2 .�.//	JC 1 .,; -,1/�	
'6K��"// - ��//,.��G� 4, %+,1/�?$a1�K�,.?;��� 4, !T7�
���6,@
 (p1 : p2 = [9 : 1]) �5#C#)?; 7 .,�K. W�-,1/?;��"//A*�
+,1/, �-,1/�?;,.�@1�>B 0@O� F1 px6�+,1/��0@O�!, 4vS
)?/Jr�<%.

5.3 yzklij
5.2 �DV+(H@G'>B -,1/7N+,1/?;,.��P1, ,.	AM�P1, ?�+

�!0���]S?2=CD�	P
�
+,��1	)8$6;Z2. %-, bN)?2=C�
D�$F� Pareto <E� NSGA-III D� [17,25] �D�)B$0@O�w64�6,. NSGA-III �MG
��2F��$>,BG�?2=CD��	B0@�M^"��, R μ′, λ′, mtt′prob ={500, 300, 0.3} (@e

μ′ = 3μ �"#�, %�D��	 Pareto <E�6+sp, �?2=C�D�)B76m
), �M�A�(
	K$$(	K�, iD [25] =C�9U0�!�4DnxK. qt0-, ?<K- 5.1 �K��!e��
�4V�� 4 H ([|O|, |S|, |D|] = [2, 3, 30], [2, 3, 50], [3, 5, 30], [3, 5, 50])PH 5 .!e;V��KZ2. D�

Æ#dd� Intel Xeon E5-2682 v4 (1core) CPU, 2 GB RAM, CentOS7.3, Python3.6.3. Æ]Z2'H 2∼5,

Hr� |O|, |S|, |D| +Q��.//��"//���//��, |U |, |V | +Q��.// - �"//9$�
"// - ��//9,.��, Cu, Cv �7�,.�G�. H�DVrJfui	� 2 �$GD�+<�
-,1/$+,1/� Pareto'6K��� (nopt, n

′
opt)�D�1	�� (t, t′) 1 Pareto'6K'��
1

� (F1median, F ′
2median)�)-�J8 (F2median, F ′

1median)�I; (F3median, F ′
3median) E.0@O���

O�.

�)N?2=C�D�$ NSGA-III D���K'�6,, D; Hypervolume C@ [26,27] Ihv(A),

Schott’s spacing metric C@ [28] Iss(A) $ Coverage C@ [27] Ic(A, B) 5^�D�� $. $�-Rg 
$*O 7#	dY*0@6;D�+<K'�6f,Rg #	K''�($�0zÆ� ParetoFW,*

O #	K'�	K�6,'�($
. Ihv(A) C@�K'�dD/d��VLX, (G�^�K'�Rg
 $*O . iC@m
me, #�TK+�'�0TzÆ� Pareto FW@8�i!$�s
. Iss(A) C
@!8K'��� , iC@m3me. K0X� Iss(A) = [

∑
z∈A (d̄ − d(z))2/(|A| − 1)]1/2, K� d(z) =

minz′∈A{
∑M

m=1 |zm − z′m|}, d̄ � d(z) �G!, zm �0@O�Æ� z � m +�. Ic(A, B) C@� B �) A

0�0� A 7'�K���� B �0VNV, iC@m�0 1 H@ A 7N B me. K0X� Ic(A, B) =∣∣z2 ∈ B|∃z1 ∈ A : z1 
 z2
∣∣ / |B|, K� z1 
 z2 HK z1 0� z2 0� z2 7'. 3D Ihv(A) $ Iss(A) �

!J+K'@8;. @8;#��, IJ+"N
+";�'3;+,, ReK'� z2i GV'�7_�;

�"?; z′mi
= (zmi − min(·)

m )/(max(·)
m −min(·)

m ) K'�0$K� |M | = 3 .0@O�!+Q@8;O
�, K� max(·)

m �K' (·) �0$KÆ� m +��'
!, � Iss C@, max(·)
m = max(A)

m , � Ihv C@,
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